Some estimates for $\theta$-type Calder\'on-Zygmund operators and linear
  commutators on certain weighted amalgam spaces by Wang, Hua
ar
X
iv
:1
70
1.
07
50
8v
1 
 [m
ath
.C
A]
  2
4 J
an
 20
17
Some estimates for θ-type Caldero´n–Zygmund
operators and linear commutators on certain
weighted amalgam spaces
Hua Wang ∗
College of Mathematics and Econometrics, Hunan University, Changsha 410082, P. R. China
Abstract
In this paper, we first introduce some new kinds of weighted amalgam
spaces. Then we discuss the strong type and weak type estimates for
a class of Caldero´n–Zygmund type operators Tθ in these new weighted
spaces. Furthermore, the strong type estimate and endpoint estimate of
linear commutators [b, Tθ] formed by b and Tθ are established. Also we
study related problems about two-weight, weak type inequalities for Tθ
and [b, Tθ] in the weighted amalgam spaces and give some results.
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1 Introduction
Caldero´n–Zygmund singular integral operators and their generalizations on the
Euclidean space Rn have been extensively studied (see [4, 11, 21, 24] for in-
stance). In particular, Yabuta [24] introduced certain θ-type Caldero´n–Zygmund
operators to facilitate his study of certain classes of pseudo-differential opera-
tors. Following the terminology of Yabuta [24], we introduce the so-called θ-type
Caldero´n–Zygmund operators.
Definition 1.1. Let θ be a non-negative, non-decreasing function on R+ =
(0,+∞) with ∫ 1
0
θ(t)
t
dt <∞. (1.1)
A measurable function K(·, ·) on Rn × Rn\{(x, x) : x ∈ Rn} is said to be a
∗E-mail address: wanghua@pku.edu.cn.
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θ-type kernel if it satisfies
(i)
∣∣K(x, y)∣∣ ≤ C
|x− y|n
, for any x 6= y; (1.2)
(ii)
∣∣K(x, y)−K(z, y)∣∣+ ∣∣K(y, x)−K(y, z)∣∣ ≤ C
|x− y|n
· θ
( |x− z|
|x− y|
)
, (1.3)
for |x− z| < |x− y|/2.
Definition 1.2. Let Tθ be a linear operator from S (R
n) into its dual S ′(Rn).
We say that Tθ is a θ-type Caldero´n–Zygmund operator if
(1) Tθ can be extended to be a bounded linear operator on L
2(Rn);
(2) There is a θ-type kernel K(x, y) such that
Tθf(x) :=
∫
Rn
K(x, y)f(y) dy (1.4)
for all f ∈ C∞0 (R
n) and for all x /∈ supp f , where C∞0 (R
n) is the space consisting
of all infinitely differentiable functions on Rn with compact supports.
Note that the classical Caldero´n–Zygmund operator with standard kernel
(see [4, 11]) is a special case of θ-type operator Tθ when θ(t) = t
δ with 0 < δ ≤ 1.
Definition 1.3. Given a locally integrable function b defined on Rn, and given a
θ-type Caldero´n–Zygmund operator Tθ, the linear commutator [b, Tθ] generated
by b and Tθ is defined for smooth, compactly supported functions f as
[b, Tθ]f(x) := b(x) · Tθf(x)− Tθ(bf)(x)
=
∫
Rn
[
b(x)− b(y)
]
K(x, y)f(y) dy.
(1.5)
We first give the following weighted result of Tθ obtained by Quek and Yang
in [19].
Theorem 1.1 ([19]). Suppose that θ is a non-negative, non-decreasing function
on R+ = (0,+∞) satisfying condition (1.1). Let 1 ≤ p <∞ and w ∈ Ap. Then
the θ-type Caldero´n–Zygmund operator Tθ is bounded on L
p
w(R
n) for p > 1, and
bounded from L1w(R
n) into WL1w(R
n) for p = 1.
Since linear commutator has a greater degree of singularity than the corre-
sponding θ-type Caldero´n–Zygmund operator, we need a slightly stronger con-
dition (1.6) given below. The following weighted endpoint estimate for commu-
tator [b, Tθ] of the θ-type Caldero´n–Zygmund operator was established in [26]
under a stronger version of condition (1.6) assumed on θ, if b ∈ BMO(Rn) (for
the unweighted case, see [15]). Let us now recall the definition of the space
of BMO(Rn) (see [4, 13]). BMO(Rn) is the Banach function space modulo
constants with the norm ‖ · ‖∗ defined by
‖b‖∗ := sup
B
1
|B|
∫
B
|b(x)− bB| dx <∞,
2
where the supremum is taken over all balls B in Rn and bB stands for the mean
value of b over B, that is,
bB :=
1
|B|
∫
B
b(y) dy.
Theorem 1.2 ([26]). Suppose that θ is a non-negative, non-decreasing function
on R+ = (0,+∞) satisfying (1.1) and
∫ 1
0
θ(t) · | log t|
t
dt <∞, (1.6)
let w ∈ A1 and b ∈ BMO(R
n). Then for all λ > 0, there is a constant C > 0
independent of f and λ > 0 such that
w
({
x ∈ Rn :
∣∣[b, Tθ](f)(x)∣∣ > λ}) ≤ C
∫
Rn
Φ
(
|f(x)|
λ
)
· w(x) dx,
where Φ(t) = t · (1 + log+ t) and log+ t = max
{
log t, 0
}
.
We equip the n-dimensional Euclidean space Rn with the Euclidean norm
| · | and the Lebesgue measure dx. For any r > 0 and y ∈ Rn, let B(y, r) ={
x ∈ Rn : |x−y| < r
}
denote the open ball centered at y with radius r, B(y, r)c
denote its complement and |B(y, r)| be the Lebesgue measure of the ball B(y, r).
We also use the notation χB(y,r) for the characteristic function of B(y, r). Let
1 ≤ p, q, α ≤ ∞. We define the amalgam space (Lp, Lq)α(Rn) of Lp(Rn) and
Lq(Rn) as the set of all measurable functions f satisfying f ∈ Lploc(R
n) and∥∥f∥∥
(Lp,Lq)α(Rn)
<∞, where
∥∥f∥∥
(Lp,Lq)α(Rn)
:= sup
r>0
{∫
Rn
[∣∣B(y, r)∣∣1/α−1/p−1/q∥∥f · χB(y,r)∥∥Lp(Rn)
]q
dy
}1/q
=sup
r>0
∥∥∥∣∣B(y, r)∣∣1/α−1/p−1/q∥∥f · χB(y,r)∥∥Lp(Rn)
∥∥∥
Lq(Rn)
,
with the usual modification when p = ∞ or q = ∞. This amalgam space was
originally introduced by Fofana in [9]. As proved in [9] the space (Lp, Lq)α(Rn)
is nontrivial if and only if p ≤ α ≤ q; thus in the remaining of the paper we will
always assume that this condition p ≤ α ≤ q is fulfilled. Note that
• For 1 ≤ p ≤ α ≤ q ≤ ∞, one can easily see that (Lp, Lq)α(Rn) ⊆
(Lp, Lq)(Rn), where (Lp, Lq)(Rn) is the Wiener amalgam space defined
by (see [10, 12] for more information)
(Lp, Lq)(Rn) :=
{
f :
∥∥f∥∥
(Lp,Lq)(Rn)
=
(∫
Rn
[∥∥f · χB(y,1)∥∥Lp(Rn)
]q
dy
)1/q
<∞
}
;
3
• If 1 ≤ p < α and q = ∞, then (Lp, Lq)α(Rn) is just the classical Morrey
space Lp,κ(Rn) defined by (with κ = 1− p/α, see [16])
Lp,κ(Rn) :=

f : ∥∥f∥∥Lp,κ(Rn) = supy∈Rn,r>0
(
1
|B(y, r)|κ
∫
B(y,r)
|f(x)|p dx
)1/p
<∞

 ;
• If p = α and q = ∞, then (Lp, Lq)α(Rn) reduces to the usual Lebesgue
space Lα(Rn).
In [7] (see also [6, 8]), Feuto considered a weighted version of the amalgam
space (Lp, Lq)α(w). A weight is any positive measurable function w which is
locally integrable on Rn. Let 1 ≤ p ≤ α ≤ q ≤ ∞ and w be a weight on Rn.
We denote by (Lp, Lq)α(w) the weighted amalgam space, the space of all locally
integrable functions f satisfying
∥∥f∥∥
(Lp,Lq)α(w)
<∞, where
∥∥f∥∥
(Lp,Lq)α(w)
:= sup
r>0
{∫
Rn
[
w(B(y, r))1/α−1/p−1/q
∥∥f · χB(y,r)∥∥Lpw
]q
dy
}1/q
=sup
r>0
∥∥∥w(B(y, r))1/α−1/p−1/q∥∥f · χB(y,r)∥∥Lpw
∥∥∥
Lq(Rn)
,
(1.7)
with the usual modification when q = ∞ and w(B(y, r)) =
∫
B(y,r)w(x) dx is
the weighted measure of B(y, r). Then for 1 ≤ p ≤ α ≤ q ≤ ∞, we know
that (Lp, Lq)α(w) becomes a Banach function space with respect to the norm
‖ · ‖(Lp,Lq)α(w). Furthermore, we denote by (WL
p, Lq)α(w) the weighted weak
amalgam space of all measurable functions f for which (see [7])
∥∥f∥∥
(WLp,Lq)α(w)
:= sup
r>0
{∫
Rn
[
w(B(y, r))1/α−1/p−1/q
∥∥f · χB(y,r)∥∥WLpw
]q
dy
}1/q
=sup
r>0
∥∥∥w(B(y, r))1/α−1/p−1/q∥∥f · χB(y,r)∥∥WLpw
∥∥∥
Lq(Rn)
<∞.
(1.8)
Note that
• If 1 ≤ p < α and q = ∞, then (Lp, Lq)α(w) is just the weighted Morrey
space Lp,κ(w) defined by (with κ = 1− p/α, see [14])
Lp,κ(w)
:=

f : ∥∥f∥∥Lp,κ(w) = supy∈Rn,r>0
(
1
w(B(y, r))κ
∫
B(y,r)
|f(x)|pw(x) dx
)1/p
<∞

 ,
and (WLp, Lq)α(w) is just the weighted weak Morrey space WLp,κ(w)
defined by (with κ = 1− p/α)
WLp,κ(w)
:=
{
f :
∥∥f∥∥
WLp,κ(w)
= sup
y∈Rn,r>0
sup
λ>0
1
w(B(y, r))κ/p
λ ·
[
w
({
x ∈ B(y, r) : |f(x)| > λ
})]1/p
<∞
}
;
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• If p = α and q =∞, then (Lp, Lq)α(w) reduces to the weighted Lebesgue
space Lαw(R
n), and (WLp, Lq)α(w) reduces to the weighted weak Lebesgue
space WLαw(R
n).
Recently, many works in classical harmonic analysis have been devoted to norm
inequalities involving several integral operators in the setting of weighted amal-
gam spaces, see [5, 6, 7, 8, 23]. These results obtained are extensions of well-
known analogues in the weighted Lebesgue spaces. The main purpose of this pa-
per is twofold. We first define some new kinds of weighted amalgam spaces, and
then we are going to prove that θ-type Caldero´n–Zygmund operator and associ-
ated linear commutator which are known to be bounded in weighted Lebesgue
spaces, are also bounded in these new weighted spaces under appropriate con-
ditions. In addition, we will study two-weight, weak type norm inequalities for
θ-type Caldero´n–Zygmund operator and associated commutator in the context
of weighted amalgam spaces.
Throughout this paper C will denote a positive constant whose value may
change at each appearance. We also use A ≈ B to denote the equivalence of A
and B; that is, there exist two positive constants C1, C2 independent of A and
B such that C1A ≤ B ≤ C2A.
2 Statements of the main results
2.1 Notations and preliminaries
A weight w is said to belong to the Muckenhoupt’s class Ap for 1 < p < ∞, if
there exists a constant C > 0 such that(
1
|B|
∫
B
w(x) dx
)1/p(
1
|B|
∫
B
w(x)−p
′/p dx
)1/p′
≤ C
for every ball B ⊂ Rn, where p′ is the dual of p such that 1/p+ 1/p′ = 1. The
class A1 is defined replacing the above inequality by
1
|B|
∫
B
w(x) dx ≤ C · ess inf
x∈B
w(x)
for every ball B ⊂ Rn. We also define A∞ =
⋃
1≤p<∞Ap. For any given ball
B ⊂ Rn and λ > 0, we write λB for the ball with the same center as B and
radius is λ times that of B. It is well known that if w ∈ Ap with 1 ≤ p <∞(or
w ∈ A∞), then w satisfies the doubling condition; that is, for any ball B ⊂ R
n,
there exists an absolute constant C > 0 such that (see [11])
w(2B) ≤ C w(B). (2.1)
When w satisfies this doubling condition (2.1), we denote w ∈ ∆2 for brevity.
Moreover, if w ∈ A∞, then for any ball B and any measurable subset E of a
ball B, there exists a number δ > 0 independent of E and B such that (see [11])
w(E)
w(B)
≤ C
(
|E|
|B|
)δ
. (2.2)
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Given a weight w on Rn, as usual, the weighted Lebesgue space Lpw(R
n) for
1 ≤ p <∞ is defined as the set of all functions f such that
∥∥f∥∥
Lpw
:=
(∫
Rn
∣∣f(x)∣∣pw(x) dx)1/p <∞.
We also denote by WLpw(R
n)(1 ≤ p < ∞) the weighted weak Lebesgue space
consisting of all measurable functions f such that
∥∥f∥∥
WLpw
:= sup
λ>0
λ ·
[
w
({
x ∈ Rn : |f(x)| > λ
})]1/p
<∞.
We next recall some basic definitions and facts about Orlicz spaces needed
for the proof of the main results. For further information on the subject, one can
see [20]. A function A is called a Young function if it is continuous, nonnegative,
convex and strictly increasing on [0,+∞) with A(0) = 0 and A(t) → +∞ as
t → +∞. An important example of Young function is A(t) = tp(1 + log+ t)p
with some 1 ≤ p < ∞. Given a Young function A, we define the A-average of
a function f over a ball B by means of the following Luxemburg norm:
∥∥f∥∥
A,B
:= inf
{
λ > 0 :
1
|B|
∫
B
A
(
|f(x)|
λ
)
dx ≤ 1
}
.
When A(t) = tp, 1 ≤ p <∞, it is easy to see that
∥∥f∥∥
A,B
=
(
1
|B|
∫
B
∣∣f(x)∣∣p dx)1/p ;
that is, the Luxemburg norm coincides with the normalized Lp norm. Given
a Young function A, we use A¯ to denote the complementary Young function
associated to A. Then the following generalized Ho¨lder’s inequality holds for
any given ball B:
1
|B|
∫
B
∣∣f(x) · g(x)∣∣ dx ≤ 2∥∥f∥∥
A,B
∥∥g∥∥
A¯,B
.
In particular, when A(t) = t · (1 + log+ t), we know that its complementary
Young function is A¯(t) ≈ exp(t)− 1. In this situation, we denote∥∥f∥∥
L logL,B
=
∥∥f∥∥
A,B
,
∥∥g∥∥
expL,B
=
∥∥g∥∥
A¯,B
.
So we have
1
|B|
∫
B
∣∣f(x) · g(x)∣∣ dx ≤ 2∥∥f∥∥
L logL,B
∥∥g∥∥
expL,B
. (2.3)
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2.2 Weighted amalgam spaces
Let us begin with the definitions of the weighted amalgam spaces with Lebesgue
measure in (1.7) and (1.8) replaced by weighted measure.
Definition 2.1. Let 1 ≤ p ≤ α ≤ q ≤ ∞, and let w, µ be two weights on
R
n. We denote by (Lp, Lq)α(w;µ) the weighted amalgam space, the space of all
locally integrable functions f with finite norm
∥∥f∥∥
(Lp,Lq)α(w;µ)
:= sup
r>0
{∫
Rn
[
w(B(y, r))1/α−1/p−1/q
∥∥f · χB(y,r)∥∥Lpw
]q
µ(y) dy
}1/q
=sup
r>0
∥∥∥w(B(y, r))1/α−1/p−1/q∥∥f · χB(y,r)∥∥Lpw
∥∥∥
Lqµ
<∞,
with the usual modification when q = ∞. Then we can see that the space
(Lp, Lq)α(w;µ) equipped with the norm
∥∥ · ∥∥
(Lp,Lq)α(w;µ)
is a Banach function
space.
Definition 2.2. Let 1 ≤ p ≤ α ≤ q ≤ ∞, and let w, µ be two weights on
R
n. We denote by (WLp, Lq)α(w;µ) the weighted weak amalgam space of all
measurable functions f for which
∥∥f∥∥
(WLp,Lq)α(w;µ)
:= sup
r>0
{∫
Rn
[
w(B(y, r))1/α−1/p−1/q
∥∥f · χB(y,r)∥∥WLpw
]q
µ(y) dy
}1/q
=sup
r>0
∥∥∥w(B(y, r))1/α−1/p−1/q∥∥f · χB(y,r)∥∥WLpw
∥∥∥
Lqµ
<∞.
We are going to prove that θ-type Caldero´n–Zygmund operator which is
known to be bounded on weighted Lebesgue spaces, is also bounded on these
new weighted spaces for Muckenhoupt’s weights. Our first two results in this
paper can be formulated as follows.
Theorem 2.1. Let 1 < p ≤ α < q ≤ ∞ and w ∈ Ap, µ ∈ ∆2. Then the θ-type
Caldero´n–Zygmund operator Tθ is bounded on (L
p, Lq)α(w;µ).
Theorem 2.2. Let p = 1, 1 ≤ α < q ≤ ∞ and w ∈ A1, µ ∈ ∆2. Then
the θ-type Caldero´n–Zygmund operator Tθ is bounded from (L
1, Lq)α(w;µ) into
(WL1, Lq)α(w;µ).
Let θ be a non-negative, non-decreasing function on R+ = (0,+∞) satisfying
conditions (1.1) and (1.6), and let [b, Tθ] be the commutator formed by Tθ and
BMO function b. For the strong type estimate of linear commutator [b, Tθ] on
the weighted spaces (Lp, Lq)α(w;µ) with 1 < p ≤ α < q, we will prove
Theorem 2.3. Let 1 < p ≤ α < q ≤ ∞ and w ∈ Ap, µ ∈ ∆2. Assume that θ
satisfies (1.6) and b ∈ BMO(Rn), then the linear commutator [b, Tθ] is bounded
on (Lp, Lq)α(w;µ).
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To obtain endpoint estimate for the linear commutator [b, Tθ], we first need
to define the weighted A-average of a function f over a ball B by means of the
weighted Luxemburg norm; that is, given a Young function A and w ∈ A∞, we
define (see [20, 25])
∥∥f∥∥
A(w),B
:= inf
{
σ > 0 :
1
w(B)
∫
B
A
(
|f(x)|
σ
)
· w(x) dx ≤ 1
}
.
When A(t) = t, this norm is denoted by ‖ · ‖L(w),B, when A(t) = t · (1+ log
+ t),
this norm is also denoted by ‖·‖L logL(w),B. The complementary Young function
of t·(1+log+ t) is exp(t)−1 with mean Luxemburg norm denoted by ‖·‖expL(w),B.
For w ∈ A∞ and for every ball B in R
n, we can also show the weighted version
of (2.3). Namely, the following generalized Ho¨lder’s inequality in the weighted
setting
1
w(B)
∫
B
|f(x) · g(x)|w(x) dx ≤ C
∥∥f∥∥
L logL(w),B
∥∥g∥∥
expL(w),B
(2.4)
is valid (see [25] for instance). Furthermore, we now introduce new weighted
spaces of L logL type as follows.
Definition 2.3. Let p = 1, 1 ≤ α ≤ q ≤ ∞, and let w, µ be two weights on Rn.
We denote by (L logL,Lq)α(w;µ) the weighted amalgam space of L logL type,
the space of all locally integrable functions f defined on Rn with finite norm∥∥f∥∥
(L logL,Lq)α(w;µ)
.
(L logL,Lq)α(w;µ) :=
{
f :
∥∥f∥∥
(L logL,Lq)α(w;µ)
<∞
}
,
where
∥∥f∥∥
(L logL,Lq)α(w;µ)
:= sup
r>0
{∫
Rn
[
w(B(y, r))1/α−1/q
∥∥f∥∥
L logL(w),B(y,r)
]q
µ(y) dy
}1/q
=sup
r>0
∥∥∥w(B(y, r))1/α−1/q∥∥f∥∥L logL(w),B(y,r)
∥∥∥
Lqµ
.
Observe that t ≤ t · (1+ log+ t) for all t > 0. Then for any ball B(y, r) ⊂ Rn
and w ∈ A∞, we have
∥∥f∥∥
L(w),B(y,r)
≤
∥∥f∥∥
L logL(w),B(y,r)
by definition, i.e.,
the inequality
∥∥f∥∥
L(w),B(y,r)
=
1
w(B(y, r))
∫
B(y,r)
|f(x)| · w(x) dx ≤
∥∥f∥∥
L logL(w),B(y,r)
(2.5)
holds for any ball B(y, r) ⊂ Rn. Hence, for 1 ≤ α ≤ q ≤ ∞, we can further see
the following inclusion:
(L logL,Lq)α(w;µ) ⊂ (L1, Lq)α(w;µ).
For the endpoint case, we will prove the following weak type L logL estimate
of the linear commutator [b, Tθ] in our weighted amalgam spaces.
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Theorem 2.4. Let p = 1, 1 ≤ α < q ≤ ∞ and w ∈ A1, µ ∈ ∆2. Assume
that θ satisfies (1.6) and b ∈ BMO(Rn), then for any given λ > 0 and any ball
B(y, r) ⊂ Rn with y ∈ Rn, r > 0, there exists a constant C > 0 independent of
f , B(y, r) and λ > 0 such that∥∥∥w(B(y, r))1/α−1−1/q · w({x ∈ B(y, r) : ∣∣[b, Tθ](f)(x)∣∣ > λ})∥∥∥
Lqµ
≤ C ·
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
(L logL,Lq)α(w;µ)
,
where Φ(t) = t · (1 + log+ t) and the norm ‖ · ‖Lqµ is taken with respect to the
variable y, i.e.,∥∥∥w(B(y, r))1/α−1−1/q · w({x ∈ B(y, r) : ∣∣[b, Tθ](f)(x)∣∣ > λ})∥∥∥
Lqµ
=
{∫
Rn
[
w(B(y, r))1/α−1−1/q · w
({
x ∈ B(y, r) :
∣∣[b, Tθ](f)(x)∣∣ > λ})
]q
µ(y) dy
}1/q
.
Remark 2.1. From the above definitions and Theorem 2.4, we can roughly
say that the linear commutator [b, Tθ] is bounded from (L logL,L
q)α(w;µ) into
(WL1, Lq)α(w;µ) whenever 1 ≤ α < q ≤ ∞, w ∈ A1 and µ ∈ ∆2.
3 Proofs of Theorems 2.1 and 2.2
Proof of Theorem 2.1. Let 1 < p ≤ α < q ≤ ∞ and f ∈ (Lp, Lq)α(w;µ) with
w ∈ Ap and µ ∈ ∆2. We fix y ∈ R
n and r > 0, and set B = B(y, r) for the ball
centered at y and of radius r, 2B = B(y, 2r). We represent f as
f = f · χ2B + f · χ(2B)c := f1 + f2;
by the linearity of the θ-type Caldero´n–Zygmund operator Tθ, we write
w(B(y, r))1/α−1/p−1/q
∥∥Tθ(f) · χB(y,r)∥∥Lpw
= w(B(y, r))1/α−1/p−1/q
(∫
B(y,r)
∣∣Tθ(f)(x)∣∣pw(x) dx
)1/p
≤ w(B(y, r))1/α−1/p−1/q
(∫
B(y,r)
∣∣Tθ(f1)(x)∣∣pw(x) dx
)1/p
+ w(B(y, r))1/α−1/p−1/q
(∫
B(y,r)
∣∣Tθ(f2)(x)∣∣pw(x) dx
)1/p
:= I1(y, r) + I2(y, r). (3.1)
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Below we will give the estimates of I1(y, r) and I2(y, r), respectively. By the
weighted Lp boundedness of Tθ (see Theorem 1.1), we have
I1(y, r) ≤ w(B(y, r))
1/α−1/p−1/q
∥∥Tθ(f1)∥∥Lpw
≤ C · w(B(y, r))1/α−1/p−1/q
(∫
B(y,2r)
|f(x)|pw(x) dx
)1/p
= C · w(B(y, 2r))1/α−1/p−1/q
∥∥f · χB(y,2r)∥∥Lpw
×
w(B(y, r))1/α−1/p−1/q
w(B(y, 2r))1/α−1/p−1/q
. (3.2)
Moreover, since 1/α− 1/p− 1/q < 0 and w ∈ Ap with 1 < p <∞, then by the
inequality (2.1), we obtain
w(B(y, r))1/α−1/p−1/q
w(B(y, 2r))1/α−1/p−1/q
≤ C. (3.3)
Substituting the above inequality (3.3) into (3.2), we thus obtain
I1(y, r) ≤ C · w(B(y, 2r))
1/α−1/p−1/q
∥∥f · χB(y,2r)∥∥Lpw . (3.4)
As for the term I2(y, r), it is clear that when x ∈ B(y, r) and z ∈ (B(y, 2r))
c,
we get |x− z| ≈ |y− z|. We then decompose Rn into a geometrically increasing
sequence of concentric balls, and deduce the following pointwise estimate:
∣∣Tθ(f2)(x)∣∣ ≤ C
∫
Rn
|f2(z)|
|x− z|n
dz ≤ C
∫
B(y,2r)c
|f(z)|
|y − z|n
dz
= C
∞∑
j=1
∫
B(y,2j+1r)\B(y,2jr)
|f(z)|
|y − z|n
dz
≤ C
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz. (3.5)
From this estimate (3.5), it follows that
I2(y, r) ≤ C · w(B(y, r))
1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz.
By using Ho¨lder’s inequality and Ap condition on w, we get
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz
≤
1
|B(y, 2j+1r)|
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p(∫
B(y,2j+1r)
w(z)−p
′/p dz
)1/p′
≤ C
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
· w
(
B(y, 2j+1r)
)−1/p
.
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Hence,
I2(y, r) ≤ C · w(B(y, r))
1/α−1/q
×
∞∑
j=1
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
· w
(
B(y, 2j+1r)
)−1/p
= C
∞∑
j=1
w
(
B(y, 2j+1r)
)1/α−1/p−1/q∥∥f · χB(y,2j+1r)∥∥Lpw
×
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
.
(3.6)
Notice that if w ∈ Ap for 1 ≤ p < ∞, then w ∈ A∞. By using the inequality
(2.2) with exponent δ > 0 and the fact that α < q, we find that
∞∑
j=1
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∞∑
j=1
(
|B(y, r)|
|B(y, 2j+1r)|
)δ(1/α−1/q)
= C
∞∑
j=1
(
1
2(j+1)n
)δ(1/α−1/q)
≤ C, (3.7)
where the last series is convergent since δ(1/α− 1/q) > 0. Therefore by taking
the Lqµ-norm of both sides of (3.1)(with respect to the variable y), and then
using Minkowski’s inequality, (3.4), (3.6) and (3.7), we have∥∥∥w(B(y, r))1/α−1/p−1/q∥∥Tθ(f) · χB(y,r)∥∥Lpw
∥∥∥
Lqµ
≤
∥∥I1(y, r)∥∥Lqµ + ∥∥I2(y, r)∥∥Lqµ
≤ C
∥∥∥w(B(y, 2r))1/α−1/p−1/q∥∥f · χB(y,2r)∥∥Lpw
∥∥∥
Lqµ
+ C
∞∑
j=1
∥∥∥w(B(y, 2j+1r))1/α−1/p−1/q∥∥f · χB(y,2j+1r)∥∥Lpw
∥∥∥
Lqµ
×
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(w;µ)
+ C
∥∥f∥∥
(Lp,Lq)α(w;µ)
×
∞∑
j=1
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(w;µ)
.
Thus, by taking the supremum over all r > 0, we complete the proof of Theorem
2.1.
Proof of Theorem 2.2. Let p = 1, 1 ≤ α < q ≤ ∞ and f ∈ (L1, Lq)α(w;µ) with
w ∈ A1 and µ ∈ ∆2. For an arbitrary ball B = B(y, r) ⊂ R
n with y ∈ Rn and
r > 0, we represent f as
f = f · χ2B + f · χ(2B)c := f1 + f2;
11
then by the linearity of the θ-type Caldero´n–Zygmund operator Tθ, one can
write
w(B(y, r))1/α−1−1/q
∥∥Tθ(f) · χB(y,r)∥∥WL1w
≤ 2 · w(B(y, r))1/α−1−1/q
∥∥Tθ(f1) · χB(y,r)∥∥WL1w
+ 2 · w(B(y, r))1/α−1−1/q
∥∥Tθ(f2) · χB(y,r)∥∥WL1w
:= I ′1(y, r) + I
′
2(y, r). (3.8)
We first consider the term I ′1(y, r). By the weighted weak (1, 1) boundedness of
Tθ (see Theorem 1.1), we have
I ′1(y, r) ≤ 2 · w(B(y, r))
1/α−1−1/q
∥∥Tθ(f1)∥∥WL1w
≤ C · w(B(y, r))1/α−1−1/q
(∫
B(y,2r)
|f(x)|w(x) dx
)
= C · w(B(y, 2r))1/α−1−1/q
∥∥f · χB(y,2r)∥∥L1w
×
w(B(y, r))1/α−1−1/q
w(B(y, 2r))1/α−1−1/q
. (3.9)
Moreover, since 1/α− 1 − 1/q < 0 and w ∈ A1, then we apply inequality (2.1)
to obtain that
w(B(y, r))1/α−1−1/q
w(B(y, 2r))1/α−1−1/q
≤ C. (3.10)
Substituting the above inequality (3.10) into (3.9), we thus obtain
I ′1(y, r) ≤ C · w(B(y, 2r))
1/α−1−1/q
∥∥f · χB(y,2r)∥∥L1w . (3.11)
As for the second term I ′2(y, r), it follows directly from Chebyshev’s inequality
and the pointwise estimate (3.5) that
I ′2(y, r) ≤ 2 · w(B(y, r))
1/α−1−1/q
∫
B(y,r)
∣∣Tθ(f2)(x)∣∣w(x) dx
≤ C · w(B(y, r))1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz.
Another application of A1 condition on w gives that
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz
≤ C ·
1
w(B(y, 2j+1r))
· ess inf
z∈B(y,2j+1r)
w(z)
∫
B(y,2j+1r)
|f(z)| dz
≤ C ·
1
w(B(y, 2j+1r))
(∫
B(y,2j+1r)
|f(z)|w(z) dz
)
.
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Consequently,
I ′2(y, r) ≤ C · w(B(y, r))
1/α−1/q
×
∞∑
j=1
(∫
B(y,2j+1r)
|f(z)|w(z) dz
)
· w
(
B(y, 2j+1r)
)−1
= C
∞∑
j=1
w
(
B(y, 2j+1r)
)1/α−1−1/q∥∥f · χB(y,2j+1r)∥∥L1w
×
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
.
(3.12)
Therefore by taking the Lqµ-norm of both sides of (3.8)(with respect to the
variable y), and then using Minkowski’s inequality, (3.11), (3.12), we have∥∥∥w(B(y, r))1/α−1−1/q∥∥Tθ(f) · χB(y,r)∥∥WL1w
∥∥∥
Lqµ
≤
∥∥I ′1(y, r)∥∥Lqµ + ∥∥I ′2(y, r)∥∥Lqµ
≤ C
∥∥∥w(B(y, 2r))1/α−1−1/q∥∥f · χB(y,2r)∥∥L1w
∥∥∥
Lqµ
+ C
∞∑
j=1
∥∥∥w(B(y, 2j+1r))1/α−1−1/q∥∥f · χB(y,2j+1r)∥∥L1w
∥∥∥
Lqµ
×
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥f∥∥
(L1,Lq)α(w;µ)
+ C
∥∥f∥∥
(L1,Lq)α(w;µ)
×
∞∑
j=1
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥f∥∥
(L1,Lq)α(w;µ)
,
where in the last inequality we have used inequality (3.7). Thus, by taking the
supremum over all r > 0, we finish the proof of Theorem 2.2.
4 Proofs of Theorems 2.3 and 2.4
For the results involving commutators, we need the following properties of BMO
functions.
Lemma 4.1. Let b be a function in BMO(Rn). Then
(i) For every ball B in Rn and for all j ∈ Z+,∣∣b2j+1B − bB∣∣ ≤ C · (j + 1)‖b‖∗.
(ii) For every ball B in Rn and for all w ∈ Ap with 1 ≤ p <∞,
(∫
B
∣∣b(x)− bB∣∣pw(x) dx
)1/p
≤ C‖b‖∗ · w(B)
1/p.
13
Proof. For the proof of (i), we refer the reader to [21]. For the proof of (ii), we
refer the reader to [22].
Proof of Theorem 2.3. Let 1 < p ≤ α < q ≤ ∞ and f ∈ (Lp, Lq)α(w;µ) with
w ∈ Ap and µ ∈ ∆2. For each fixed ball B = B(y, r) ⊂ R
n with y ∈ Rn
and r > 0, as before, we represent f as f = f1 + f2, where f1 = f · χ2B,
2B = B(y, 2r) ⊂ Rn. By the linearity of the commutator operator [b, Tθ], we
write
w(B(y, r))1/α−1/p−1/q
∥∥[b, Tθ](f) · χB(y,r)∥∥Lpw
= w(B(y, r))1/α−1/p−1/q
(∫
B(y,r)
∣∣[b, Tθ](f)(x)∣∣pw(x) dx
)1/p
≤ w(B(y, r))1/α−1/p−1/q
(∫
B(y,r)
∣∣[b, Tθ](f1)(x)∣∣pw(x) dx
)1/p
+ w(B(y, r))1/α−1/p−1/q
(∫
B(y,r)
∣∣[b, Tθ](f2)(x)∣∣pw(x) dx
)1/p
:= J1(y, r) + J2(y, r). (4.1)
Since Tθ is bounded on L
p
w(R
n) for 1 < p < ∞ and w ∈ Ap, according to
Theorem 1.1, then by the well-known boundedness criterion for commutators
of linear operators, which was obtained by Alvarez et al. in [1], we know that
[b, Tθ] is also bounded on L
p
w(R
n) for all 1 < p < ∞ and w ∈ Ap, whenever
b ∈ BMO(Rn). This fact together with inequality (3.3) implies that
J1(y, r) ≤ w(B(y, r))
1/α−1/p−1/q
∥∥[b, Tθ](f1)∥∥Lpw
≤ C · w(B(y, r))1/α−1/p−1/q
(∫
B(y,2r)
|f(x)|pw(x) dx
)1/p
= C · w(B(y, 2r))1/α−1/p−1/q
∥∥f · χB(y,2r)∥∥Lpw
×
w(B(y, r))1/α−1/p−1/q
w(B(y, 2r))1/α−1/p−1/q
≤ C · w(B(y, 2r))1/α−1/p−1/q
∥∥f · χB(y,2r)∥∥Lpw . (4.2)
Let us now turn to the estimate of J2(y, r). By definition, for any x ∈ B(y, r),
we have∣∣[b, Tθ](f2)(x)∣∣ ≤ ∣∣b(x)− bB∣∣ · ∣∣Tθ(f2)(x)∣∣ + ∣∣∣Tθ([bB − b]f2)(x)∣∣∣.
In the proof of Theorem 2.1, we have already shown that (see (3.5))
∣∣Tθ(f2)(x)∣∣ ≤ C ∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz.
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Following the same arguments as in (3.5), we can also prove that∣∣∣Tθ([bB − b]f2)(x)∣∣∣ ≤ C
∫
Rn
|[bB − b(z)]f2(z)|
|x− z|n
dz (4.3)
≤ C
∫
B(y,2r)c
|[bB − b(z)]f(z)|
|y − z|n
dz
= C
∞∑
j=1
∫
B(y,2j+1r)\B(y,2jr)
|b(z)− bB| · |f(z)|
|y − z|n
dz
≤ C
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
∣∣b(z)− bB∣∣ · |f(z)| dz.
Hence, from the above two pointwise estimates for
∣∣Tθ(f2)(x)∣∣ and ∣∣Tθ([bB −
b]f2
)
(x)
∣∣, it follows that
J2(y, r) ≤ C · w(B(y, r))
1/α−1/p−1/q
(∫
B
∣∣b(x)− bB∣∣pw(x) dx
)1/p
×
( ∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz
)
+ C · w(B(y, r))1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
∣∣bB(y,2j+1r) − bB(y,r)∣∣ · |f(z)| dz
+ C · w(B(y, r))1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
∣∣b(z)− bB(y,2j+1r)∣∣ · |f(z)| dz
:= J3(y, r) + J4(y, r) + J5(y, r).
Below we will give the estimates of J3(y, r), J4(y, r) and J5(y, r), respectively.
Using (ii) of Lemma 4.1, Ho¨lder’s inequality and the Ap condition, we obtain
J3(y, r) ≤ C‖b‖∗ · w(B(y, r))
1/α−1/q ×
∞∑
j=1
(
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz
)
≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
×
(∫
B(y,2j+1r)
w(z)−p
′/p dz
)1/p′
≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
×
∞∑
j=1
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
· w
(
B(y, 2j+1r)
)−1/p
.
Applying (i) of Lemma 4.1, Ho¨lder’s inequality and the Ap condition, we can
15
deduce that
J4(y, r) ≤ C‖b‖∗ · w(B(y, r))
1/α−1/q ×
∞∑
j=1
(j + 1)
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)| dz
≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
∞∑
j=1
(j + 1)
|B(y, 2j+1r)|
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
×
(∫
B(y,2j+1r)
w(z)−p
′/p dz
)1/p′
≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
×
∞∑
j=1
(
j + 1
)
·
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
· w
(
B(y, 2j+1r)
)−1/p
.
It remains to estimate the last term J5(y, r). An application of Ho¨lder’s in-
equality gives us that
J5(y, r) ≤ C · w(B(y, r))
1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
×
(∫
B(y,2j+1r)
∣∣b(z)− bB(y,2j+1r)∣∣p′w(z)−p′/p dz
)1/p′
.
If we set ν(z) = w(z)−p
′/p, then we have ν ∈ Ap′ because w ∈ Ap(see [4, 11]).
Thus, it follows from (ii) of Lemma 4.1 and the Ap condition that
(∫
B(y,2j+1r)
∣∣b(z)− bB(y,2j+1r)∣∣p′ν(z) dz
)1/p′
≤ C‖b‖∗ · ν
(
B(y, 2j+1r)
)1/p′
= C‖b‖∗ ·
(∫
B(y,2j+1r)
w(z)−p
′/p dz
)1/p′
≤ C‖b‖∗ ·
|B(y, 2j+1r)|
w(B(y, 2j+1r))1/p
.
Therefore,
J5(y, r) ≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
×
∞∑
j=1
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
· w
(
B(y, 2j+1r)
)−1/p
.
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Summarizing the above discussions, we conclude that
J2(y, r) ≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
×
∞∑
j=1
(
j + 1
)
·
(∫
B(y,2j+1r)
|f(z)|pw(z) dz
)1/p
· w
(
B(y, 2j+1r)
)−1/p
= C
∞∑
j=1
w
(
B(y, 2j+1r)
)1/α−1/p−1/q∥∥f · χB(y,2j+1r)∥∥Lpw
×
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
. (4.4)
Notice that when w ∈ Ap with 1 ≤ p < ∞, we have w ∈ A∞. Then by using
inequality (2.2) with exponent δ > 0 together with the fact that α < q, we thus
obtain
∞∑
j=1
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∞∑
j=1
(
j + 1
)
·
(
|B(y, r)|
|B(y, 2j+1r)|
)δ(1/α−1/q)
= C
∞∑
j=1
(
j + 1
)
·
(
1
2(j+1)n
)δ(1/α−1/q)
≤ C, (4.5)
where the last series is convergent since the exponent δ(1/α − 1/q) is positive.
Therefore by taking the Lqµ-norm of both sides of (4.1)(with respect to the
variable y), and then using Minkowski’s inequality, (4.2), (4.4) and (4.5), we
can get∥∥∥w(B(y, r))1/α−1/p−1/q∥∥[b, Tθ](f) · χB(y,r)∥∥Lpw
∥∥∥
Lqµ
≤
∥∥J1(y, r)∥∥Lqµ + ∥∥J2(y, r)∥∥Lqµ
≤ C
∥∥∥w(B(y, 2r))1/α−1/p−1/q∥∥f · χB(y,2r)∥∥Lpw
∥∥∥
Lqµ
+ C
∞∑
j=1
∥∥∥w(B(y, 2j+1r))1/α−1/p−1/q∥∥f · χB(y,2j+1r)∥∥Lpw
∥∥∥
Lqµ
×
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(w;µ)
+ C
∥∥f∥∥
(Lp,Lq)α(w;µ)
×
∞∑
j=1
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(w;µ)
.
Thus, by taking the supremum over all r > 0, we conclude the proof of Theorem
2.3.
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Proof of Theorem 2.4. For any fixed ball B = B(y, r) in Rn, as before, we rep-
resent f as f = f1 + f2, where f1 = f · χ2B, 2B = B(y, 2r) ⊂ R
n. Then for any
given λ > 0, by the linearity of the commutator operator [b, Tθ], one can write
w(B(y, r))1/α−1−1/q · w
({
x ∈ B(y, r) :
∣∣[b, Tθ](f)(x)∣∣ > λ})
≤w(B(y, r))1/α−1−1/q · w
({
x ∈ B(y, r) :
∣∣[b, Tθ](f1)(x)∣∣ > λ/2})
+ w(B(y, r))1/α−1−1/q · w
({
x ∈ B(y, r) :
∣∣[b, Tθ](f2)(x)∣∣ > λ/2})
:=J ′1(y, r) + J
′
2(y, r). (4.6)
In view of Theorem 1.2, we get
J ′1(y, r) ≤ C · w(B(y, r))
1/α−1−1/q
∫
Rn
Φ
(
|f1(x)|
λ
)
· w(x) dx
= C ·
w(B(y, r))1/α−1−1/q
w(B(y, 2r))1/α−1−1/q
·
w(B(y, 2r))1/α−1/q
w(B(y, 2r))
∫
B(y,2r)
Φ
(
|f(x)|
λ
)
· w(x) dx.
Moreover, since w ∈ A1, by the previous estimates (3.10) and (2.5), we have
J ′1(y, r) ≤ C ·
w(B(y, 2r))1/α−1/q
w(B(y, 2r))
∫
B(y,2r)
Φ
(
|f(x)|
λ
)
· w(x) dx
≤ C · w(B(y, 2r))1/α−1/q
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2r)
. (4.7)
We now turn to deal with the term J ′2(y, r). Recall that the following inequality∣∣[b, Tθ](f2)(x)∣∣ ≤ ∣∣b(x)− bB(y,r)∣∣ · ∣∣Tθ(f2)(x)∣∣+ ∣∣∣Tθ([bB(y,r) − b]f2)(x)∣∣∣
is valid. So we can further decompose J ′2(y, r) as
J ′2(y, r) ≤w(B(y, r))
1/α−1−1/q · w
({
x ∈ B(y, r) :
∣∣b(x)− bB(y,r)∣∣ · ∣∣Tθ(f2)(x)∣∣ > λ/4})
+ w(B(y, r))1/α−1−1/q · w
({
x ∈ B(y, r) :
∣∣∣Tθ([bB(y,r) − b]f2)(x)∣∣∣ > λ/4})
:=J ′3(y, r) + J
′
4(y, r).
By using the previous pointwise estimate (3.5), Chebyshev’s inequality together
with (ii) of Lemma 4.1, we can deduce that
J ′3(y, r) ≤ w(B(y, r))
1/α−1−1/q ·
4
λ
∫
B(y,r)
∣∣b(x)− bB(y,r)∣∣ · ∣∣Tθ(f2)(x)∣∣w(x) dx
≤ C · w(B(y, r))1/α−1/q
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)|
λ
dz
×
1
w(B(y, r))
∫
B(y,r)
∣∣b(x)− bB(y,r)∣∣w(x) dx
≤ C‖b‖∗
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)|
λ
dz × w(B(y, r))1/α−1/q .
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Furthermore, note that t ≤ Φ(t) = t · (1 + log+ t) for any t > 0. It then follows
from the A1 condition and the previous estimate (2.5) that
J ′3(y, r) ≤ C‖b‖∗
∞∑
j=1
1
w(B(y, 2j+1r))
∫
B(y,2j+1r)
|f(z)|
λ
· w(z) dz × w(B(y, r))1/α−1/q
≤ C‖b‖∗
∞∑
j=1
1
w(B(y, 2j+1r))
∫
B(y,2j+1r)
Φ
(
|f(z)|
λ
)
· w(z) dz × w(B(y, r))1/α−1/q
≤ C‖b‖∗
∞∑
j=1
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
× w(B(y, r))1/α−1/q .
On the other hand, applying the pointwise estimate (4.3) and Chebyshev’s in-
equality, we get
J ′4(y, r) ≤ w(B(y, r))
1/α−1−1/q ·
4
λ
∫
B(y,r)
∣∣∣Tθ([bB(y,r) − b]f2)(x)∣∣∣w(x) dx
≤ w(B(y, r))1/α−1/q ·
C
λ
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
∣∣b(z)− bB(y,r)∣∣ · |f(z)| dz
≤ w(B(y, r))1/α−1/q ·
C
λ
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
∣∣b(z)− bB(y,2j+1r)∣∣ · |f(z)| dz
+ w(B(y, r))1/α−1/q ·
C
λ
∞∑
j=1
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
∣∣bB(y,2j+1r) − bB(y,r)∣∣ · |f(z)| dz
:= J ′5(y, r) + J
′
6(y, r).
For the term J ′5(y, r), since w ∈ A1, it then follows from the A1 condition and
the fact t ≤ Φ(t) that
J ′5(y, r) ≤ w(B(y, r))
1/α−1/q ·
C
λ
∞∑
j=1
1
w(B(y, 2j+1r))
∫
B(y,2j+1r)
∣∣b(z)− bB(y,2j+1r)∣∣ · |f(z)|w(z) dz
≤ C · w(B(y, r))1/α−1/q
∞∑
j=1
1
w(B(y, 2j+1r))
∫
B(y,2j+1r)
∣∣b(z)− bB(y,2j+1r)∣∣ · Φ
(
|f(z)|
λ
)
w(z) dz.
Furthermore, we use the generalized Ho¨lder’s inequality with weight (2.4) to
obtain
J ′5(y, r) ≤ C · w(B(y, r))
1/α−1/q
∞∑
j=1
∥∥b− bB(y,2j+1r)∥∥expL(w),B(y,2j+1r)
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
≤ C‖b‖∗
∞∑
j=1
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
× w(B(y, r))1/α−1/q .
In the last inequality, we have used the well-known fact that (see [25])∥∥b− bB∥∥expL(w),B ≤ C‖b‖∗, for any ball B ⊂ Rn. (4.8)
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It is equivalent to the inequality (here c0 is a universal constant)
1
w(B)
∫
B
exp
(
|b(z)− bB|
c0‖b‖∗
)
w(z) dz ≤ C,
which is just a corollary of the well-known John–Nirenberg’s inequality (see
[13]) and the comparison property of A1 weights. For the last term J
′
6(y, r) we
proceed as follows. Using (i) of Lemma 4.1 together with the facts that w ∈ A1
and t ≤ Φ(t) = t · (1 + log+ t), we can deduce that
J ′6(y, r) ≤ C · w(B(y, r))
1/α−1/q
∞∑
j=1
(j + 1)‖b‖∗ ·
1
|B(y, 2j+1r)|
∫
B(y,2j+1r)
|f(z)|
λ
dz
≤ C · w(B(y, r))1/α−1/q
∞∑
j=1
(j + 1)‖b‖∗ ·
1
w(B(y, 2j+1r))
∫
B(y,2j+1r)
|f(z)|
λ
· w(z) dz
≤ C‖b‖∗ · w(B(y, r))
1/α−1/q
∞∑
j=1
(j + 1)
w(B(y, 2j+1r))
∫
B(y,2j+1r)
Φ
(
|f(z)|
λ
)
· w(z) dz
≤ C‖b‖∗
∞∑
j=1
(
j + 1
)
·
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
× w(B(y, r))1/α−1/q ,
where in the last inequality we have used the estimate (2.5). Summarizing the
above discussions, we conclude that
J ′2(y, r) ≤ C‖b‖∗ ·
∞∑
j=1
(
j + 1
)
·
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
× w(B(y, r))1/α−1/q
= C
∞∑
j=1
w
(
B(y, 2j+1r)
)1/α−1/q∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
×
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
. (4.9)
Therefore by taking the Lqµ-norm of both sides of (4.6)(with respect to the
variable y), and then using Minkowski’s inequality, (4.7), (4.9), we have∥∥∥w(B(y, r))1/α−1−1/q · w({x ∈ B(y, r) : ∣∣[b, Tθ](f)(x)∣∣ > λ})∥∥∥
Lqµ
≤
∥∥J ′1(y, r)∥∥Lqµ + ∥∥J ′2(y, r)∥∥Lqµ
≤ C
∥∥∥∥w(B(y, 2r))1/α−1/q
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2r)
∥∥∥∥
Lqµ
+ C
∞∑
j=1
∥∥∥∥w(B(y, 2j+1r))1/α−1/q
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
L logL(w),B(y,2j+1r)
∥∥∥∥
Lqµ
×
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
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≤ C
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
(L logL,Lq)α(w;µ)
+ C
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
(L logL,Lq)α(w;µ)
×
∞∑
j=1
(
j + 1
)
·
w(B(y, r))1/α−1/q
w(B(y, 2j+1r))1/α−1/q
≤ C
∥∥∥∥Φ
(
|f |
λ
)∥∥∥∥
(L logL,Lq)α(w;µ)
,
where the last inequality follows from (4.5). This completes the proof of Theo-
rem 2.4.
5 Some results on two-weight problems
In the last section, we consider related problems about two-weight, weak type
(p, p) inequalities with 1 < p < ∞. Let T be the classical Caldern–Zygmund
operator with standard kernel, that is, T = Tθ when θ(t) = t
δ with 0 < δ ≤ 1.
It is well known that T is a bounded operator on Lpw(R
n) for all 1 < p <∞ and
w ∈ Ap, and of course, T is a bounded operator from L
p
w(R
n) into WLpw(R
n).
In the two-weight context, however, the Ap condition is NOT sufficient for the
weak-type (p, p) inequality for T . More precisely, given a pair of weights (u, v)
and p, 1 < p <∞, the weak-type inequality
u
({
x ∈ Rn :
∣∣T f(x)∣∣ > λ}) ≤ C
λp
∫
Rn
∣∣f(x)∣∣pv(x) dx (5.1)
does not hold if (u, v) ∈ Ap: there exists a positive constant C such that for
every cube Q ⊂ Rn,
(
1
|Q|
∫
Q
u(x) dx
)1/p (
1
|Q|
∫
Q
v(x)−p
′/p dx
)1/p′
≤ C <∞, (5.2)
one can see [2, 17] for some counter-examples. Here all cubes are assumed to
have their sides parallel to the coordinate axes, Q(x0, ℓ) will denote the cube
centered at x0 and has side length ℓ. In [2, 3], Cruz-Uribe and Pe´rez considered
the problem of finding sufficient conditions on a pair of weights (u, v) such that
T satisfies the weak-type (p, p) inequality (5.1) (1 < p < ∞). They showed in
[3] that if we strengthened the Ap condition (5.2) by adding a “power bump”
to the left-hand term, then inequality (5.1) holds for all f ∈ Lpv(R
n). More
specifically, if there exists a number r > 1 such that for every cube Q in Rn,
(
1
|Q|
∫
Q
u(x)r dx
)1/(rp)(
1
|Q|
∫
Q
v(x)−p
′/p dx
)1/p′
≤ C <∞, (5.3)
then the classical Caldern–Zygmund operator T is bounded from Lpv(R
n) into
WLpu(R
n). Moreover, in [2], the authors improved this result by replacing the
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“power bump” in (5.3) by a smaller “Orlicz bump”. To be more precise, they
introduced the following Ap-type condition in the scale of Orlicz spaces:
∥∥u∥∥1/p
L(logL)p−1+δ,Q
(
1
|Q|
∫
Q
v(x)−p
′/p dx
)1/p′
≤ C <∞, δ > 0,
where
∥∥u∥∥
L(logL)p−1+δ,Q
is the mean Luxemburg norm of u on cube Q with
Young function A(t) = t · (1 + log+ t)p−1+δ. It was shown that inequality (5.1)
still holds under the Ap-type condition on (u, v), and this result is sharp since
it does not hold in general when δ = 0.
On the other hand, the following Sharp function estimate for Tθ was estab-
lished in [15]: there exists some δ, 0 < δ < 1, and a positive constant C = Cδ
such that for any f ∈ C∞0 (R
n) and x ∈ Rn,[
M ♯(|Tθf |
δ)(x)
]1/δ
≤ C ·Mf(x), (5.4)
where M is the standard Hardy–Littlewood maximal operator and M ♯ is the
well-known Sharp maximal operator defined as
M ♯f(x) := sup
x∈Q
1
|Q|
∫
Q
∣∣f(y)− fQ∣∣ dy.
Here the supremum is taken over all the cubes containing x and fQ denotes the
mean value of f over Q, namely, fQ =
1
|Q|
∫
Q
f(x) dx. It was pointed out in
[3] (Remark 1.3) that by using this Sharp function estimate (5.4), we can also
show inequality (5.1) is true for more general operator Tθ, under the condition
(5.3) on (u, v). Then we obtain a sufficient condition for Tθ to be weak (p, p)
with 1 < p <∞.
Theorem 5.1. Let 1 < p <∞. Given a pair of weights (u, v), suppose that for
some r > 1 and for all cubes Q in Rn,(
1
|Q|
∫
Q
u(x)r dx
)1/(rp)(
1
|Q|
∫
Q
v(x)−p
′/p dx
)1/p′
≤ C <∞.
Then the θ-type Caldero´n–Zygmund operator Tθ is bounded from L
p
v(R
n) into
WLpu(R
n).
We will extend Theorem 5.1 to the weighted amalgam spaces. In order to
do so, we need to define weighted amalgam spaces with two weights.
Definition 5.1. Let 1 ≤ p ≤ α ≤ q ≤ ∞, and let u, v, µ be three weights on Rn.
We denote by (Lp, Lq)α(v, u;µ) the weighted amalgam space with two weights,
the space of all locally integrable functions f with finite norm
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
:= sup
ℓ>0
{∫
Rn
[
u(Q(y, ℓ))1/α−1/p−1/q
∥∥f · χQ(y,ℓ)∥∥Lpv
]q
µ(y) dy
}1/q
=sup
ℓ>0
∥∥∥u(Q(y, ℓ))1/α−1/p−1/q∥∥f · χQ(y,ℓ)∥∥Lpv
∥∥∥
Lqµ
<∞,
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with the usual modification when q =∞. Alternatively, we could define the above
notions of this section and section 2 with balls instead of cubes. We can also
see that the space (Lp, Lq)α(v, u;µ) equipped with the norm
∥∥ ·∥∥
(Lp,Lq)α(v,u;µ)
is
a Banach function space.
Note that
• If u = v = w, then (Lp, Lq)α(v, u;µ) is the space (Lp, Lq)α(w;µ) in Defi-
nition 2.1;
• If 1 ≤ p < α and q = ∞, then (Lp, Lq)α(v, u;µ) is just the weighted
Morrey space with two weights Lp,κ(v, u) defined by (with κ = 1 − p/α,
see [14])
Lp,κ(v, u)
:=

f : ∥∥f∥∥Lp,κ(v,u) = supy∈Rn,ℓ>0
(
1
u(Q(y, ℓ))κ
∫
Q(y,ℓ)
|f(x)|pv(x) dx
)1/p
<∞

 .
We are now ready to prove the following result.
Theorem 5.2. Let 1 < p ≤ α < q ≤ ∞ and µ ∈ ∆2. Given a pair of weights
(u, v), suppose that for some r > 1 and for all cubes Q in Rn,
(
1
|Q|
∫
Q
u(x)r dx
)1/(rp)(
1
|Q|
∫
Q
v(x)−p
′/p dx
)1/p′
≤ C <∞.
If u ∈ ∆2, then the θ-type Caldero´n–Zygmund operator Tθ is bounded from
(Lp, Lq)α(v, u;µ) into (WLp, Lq)α(u;µ).
Proof of Theorem 5.2. Let 1 < p ≤ α < q ≤ ∞ and f ∈ (Lp, Lq)α(v, u;µ) with
u ∈ ∆2 and µ ∈ ∆2. For any cube Q = Q(y, ℓ) ⊂ R
n with y ∈ Rn and λ > 0,
we will denote by λQ the cube concentric with Q whose each edge is λ times as
long, that is, λQ = Q(y, λℓ). Let
f = f · χ2Q + f · χ(2Q)c := f1 + f2,
where χ2Q denotes the characteristic function of 2Q = Q(y, 2ℓ). Then for given
y ∈ Rn and ℓ > 0, we write
u(Q(y, ℓ))1/α−1/p−1/q
∥∥Tθ(f) · χQ(y,ℓ)∥∥WLpu
≤ 2 · u(Q(y, ℓ))1/α−1/p−1/q
∥∥Tθ(f1) · χQ(y,ℓ)∥∥WLpu
+ 2 · u(Q(y, ℓ))1/α−1/p−1/q
∥∥Tθ(f2) · χQ(y,ℓ)∥∥WLpu
:= K1(y, ℓ) +K2(y, ℓ). (5.5)
23
In view of Theorem 5.1, we get
K1(y, ℓ) ≤ 2 · u(Q(y, ℓ))
1/α−1/p−1/q
∥∥Tθ(f1)∥∥WLpu
≤ C · u(Q(y, ℓ))1/α−1/p−1/q
(∫
Q(y,2ℓ)
|f(x)|pv(x) dx
)1/p
= C · u(Q(y, 2ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2ℓ)∥∥Lpv
×
u(Q(y, ℓ))1/α−1/p−1/q
u(Q(y, 2ℓ))1/α−1/p−1/q
. (5.6)
Moreover, since 1/α − 1/p − 1/q < 0 and u ∈ ∆2, then by the inequality
(2.1)(consider cube Q instead of ball B), we obtain
u(Q(y, ℓ))1/α−1/p−1/q
u(Q(y, 2ℓ))1/α−1/p−1/q
≤ C. (5.7)
Substituting the above inequality (5.7) into (5.6), we thus obtain
K1(y, ℓ) ≤ C · u(Q(y, 2ℓ))
1/α−1/p−1/q
∥∥f · χQ(y,2ℓ)∥∥Lpv . (5.8)
As for the term K2(y, ℓ), using the same methods and steps as we deal with
I2(y, r) in Theorem 2.1, we can also show that for any x ∈ Q(y, ℓ),
∣∣Tθ(f2)(x)∣∣ ≤ C ∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
|f(z)| dz. (5.9)
This pointwise estimate (5.9) together with Chebyshev’s inequality yields
K2(y, ℓ) ≤ 2 · u(Q(y, ℓ))
1/α−1/p−1/q
(∫
Q(y,ℓ)
∣∣Tθ(f2)(x)∣∣pu(x) dx
)1/p
≤ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
|f(z)| dz.
Moreover, an application of Ho¨lder’s inequality gives us that
K2(y, ℓ) ≤ C · u(Q(y, ℓ))
1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
|f(z)|pv(z) dz
)1/p
×
(∫
Q(y,2j+1ℓ)
v(z)−p
′/p dz
)1/p′
= C
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
×
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
·
u(Q(y, 2j+1ℓ))1/p
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
v(z)−p
′/p dz
)1/p′
.
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In addition, we apply Ho¨lder’s inequality with exponent r > 1 to get
u
(
Q(y, 2j+1ℓ)
)
=
∫
Q(y,2j+1ℓ)
u(z) dz ≤
∣∣Q(y, 2j+1ℓ)∣∣1/r′
(∫
Q(y,2j+1ℓ)
u(z)r dz
)1/r
.
(5.10)
Consequently,
K2(y, ℓ) ≤ C
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv · u(Q(y, ℓ))
1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
×
|Q(y, 2j+1ℓ)|1/(r
′p)
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
u(z)r dz
)1/(rp)(∫
Q(y,2j+1ℓ)
v(z)−p
′/p dz
)1/p′
≤ C
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv · u(Q(y, ℓ))
1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
.
(5.11)
The last inequality is obtained by the Ap-type condition (5.3) on (u, v). Fur-
thermore, by our additional hypothesis on u : u ∈ ∆2, we can easily check that
there exists a reverse doubling constant D = D(u) > 1 independent of Q such
that (see Lemma 4.1 in [14])
u(2Q) ≥ D · u(Q), for any cube Q ⊂ Rn,
which implies that for any j ∈ Z+, u(2j+1Q) ≥ Dj+1 ·u(Q) by iteration. Hence,
∞∑
j=1
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
≤
∞∑
j=1
(
u(Q(y, ℓ))
Dj+1 · u(Q(y, ℓ))
)1/α−1/q
=
∞∑
j=1
(
1
Dj+1
)1/α−1/q
≤ C, (5.12)
where the last series is convergent since the reverse doubling constant D > 1
and 1/α−1/q > 0. Therefore by taking the Lqµ-norm of both sides of (5.5)(with
respect to the variable y), and then using Minkowski’s inequality, (5.8), (5.11)
and (5.12), we have∥∥∥u(Q(y, ℓ))1/α−1/p−1/q∥∥Tθ(f) · χQ(y,ℓ)∥∥WLpu
∥∥∥
Lqµ
≤
∥∥K1(y, ℓ)∥∥Lqµ + ∥∥K2(y, ℓ)∥∥Lqµ
≤ C
∥∥∥u(Q(y, 2ℓ))1/α−1/p−1/q∥∥f · χQ(y,2ℓ)∥∥Lpv
∥∥∥
Lqµ
+ C
∞∑
j=1
∥∥∥u(Q(y, 2j+1ℓ))1/α−1/p−1/q∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
∥∥∥
Lqµ
×
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
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≤ C
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
+ C
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
×
∞∑
j=1
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
.
Finally, by taking the supremum over all ℓ > 0, we finish the proof of Theorem
5.2.
Let M denote the Hardy–Littlewood maximal operator and M ♯ denote the
Sharp maximal operator. For δ > 0, we define
Mδ(f) :=
[
M(|f |δ)
]1/δ
, M ♯δ (f) :=
[
M ♯(|f |δ)
]1/δ
.
The maximal function associated to A(t) = t · (1 + log+ t) is defined as
ML logLf(x) := sup
x∈Q
∥∥f∥∥
L logL,Q
,
where the supremum is taken over all the cubes containing x. Let b ∈ BMO(Rn)
and [b, Tθ] be the commutator of the θ-type Caldero´n–Zygmund operator. In
[15], it was proved that if θ satisfies condition (1.6), then for 0 < δ < ε < 1,
there exists a positive constant C = Cδ,ε such that for any f ∈ C
∞
0 (R
n) and
x ∈ Rn,
M ♯δ([b, Tθ]f)(x) ≤ C‖b‖∗
(
Mε(Tθf)(x) +ML logLf(x)
)
. (5.13)
Using this Sharp function estimate (5.13) and following the basic idea in [3], we
can also establish the two-weight, weak-type norm inequality for [b, Tθ].
Theorem 5.3. Let 1 < p < ∞ and b ∈ BMO(Rn). Given a pair of weights
(u, v), suppose that for some r > 1 and for all cubes Q in Rn,
(
1
|Q|
∫
Q
u(x)r dx
)1/(rp) ∥∥v−1/p∥∥
A,Q
≤ C <∞,
where A(t) = tp
′
(1 + log+ t)p
′
is a Young function. If θ satisfies (1.6), then the
commutator operator [b, Tθ] is bounded from L
p
v(R
n) into WLpu(R
n).
We will extend Theorem 5.3 to the weighted amalgam spaces.For this pur-
pose, we need the following key lemma.
Lemma 5.1. Given three Young functions A, B and C such that for all t > 0,
A−1(t) · B−1(t) ≤ C−1(t),
where A−1(t) is the inverse function of A(t). Then we have the following gen-
eralized Ho¨lder’s inequality due to O’Neil [18]: for any cube Q ⊂ Rn and all
functions f and g, ∥∥f · g∥∥
C,Q
≤ 2
∥∥f∥∥
A,Q
∥∥g∥∥
B,Q
.
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Theorem 5.4. Let 1 < p ≤ α < q ≤ ∞, µ ∈ ∆2 and b ∈ BMO(R
n). Given a
pair of weights (u, v), suppose that for some r > 1 and for all cubes Q in Rn,
(
1
|Q|
∫
Q
u(x)r dx
)1/(rp) ∥∥v−1/p∥∥
A,Q
≤ C <∞, (5.14)
where A(t) = tp
′
(1+ log+ t)p
′
. If θ satisfies (1.6) and u ∈ A∞, then the commu-
tator operator [b, Tθ] is bounded from (L
p, Lq)α(v, u;µ) into (WLp, Lq)α(u;µ).
Proof of Theorem 5.4. Let 1 < p ≤ α < q ≤ ∞ and f ∈ (Lp, Lq)α(v, u;µ) with
u ∈ A∞ and µ ∈ ∆2. For an arbitrary cube Q = Q(y, ℓ) in R
n, as before, we set
f = f1 + f2, f1 = f · χ2Q, f2 = f · χ(2Q)c .
Then for given y ∈ Rn and ℓ > 0, we write
u(Q(y, ℓ))1/α−1/p−1/q
∥∥[b, Tθ](f) · χQ(y,ℓ)∥∥WLpu
≤ 2 · u(Q(y, ℓ))1/α−1/p−1/q
∥∥[b, Tθ](f1) · χQ(y,ℓ)∥∥WLpu
+ 2 · u(Q(y, ℓ))1/α−1/p−1/q
∥∥[b, Tθ](f2) · χQ(y,ℓ)∥∥WLpu
:= K ′1(y, ℓ) +K
′
2(y, ℓ). (5.15)
Since u ∈ A∞, we know that u ∈ ∆2. From Theorem 5.3 and inequality (5.7),
it follows that
K ′1(y, ℓ) ≤ 2 · u(Q(y, ℓ))
1/α−1/p−1/q
∥∥[b, Tθ](f1)∥∥WLpu
≤ C · u(Q(y, ℓ))1/α−1/p−1/q
(∫
Q(y,2ℓ)
|f(x)|pv(x) dx
)1/p
= C · u(Q(y, 2ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2ℓ)∥∥Lpv
×
u(Q(y, ℓ))1/α−1/p−1/q
u(Q(y, 2ℓ))1/α−1/p−1/q
≤ C · u(Q(y, 2ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2ℓ)∥∥Lpv . (5.16)
Next we estimate K ′2(y, ℓ). For any x ∈ Q(y, ℓ), from the definition of [b, Tθ],
we can see that∣∣[b, Tθ](f2)(x)∣∣ ≤ ∣∣b(x)− bQ(y,ℓ)∣∣ · ∣∣Tθ(f2)(x)∣∣+ ∣∣∣Tθ([bQ(y,ℓ) − b]f2)(x)∣∣∣
:= ξ(x) + η(x).
Thus we have
K ′2(y, ℓ) ≤4 · u(Q(y, ℓ))
1/α−1/p−1/q
∥∥ξ(·) · χQ(y,ℓ)∥∥WLpu
+ 4 · u(Q(y, ℓ))1/α−1/p−1/q
∥∥η(·) · χQ(y,ℓ)∥∥WLpu
:=K ′3(y, ℓ) +K
′
4(y, ℓ).
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For the term K ′3(y, ℓ), it follows directly from Chebyshev’s inequality and esti-
mate (5.9) that
K ′3(y, ℓ) ≤ 4 · u(Q(y, ℓ))
1/α−1/p−1/q
(∫
Q(y,ℓ)
∣∣ξ(x)∣∣pu(x) dx
)1/p
≤ C · u(Q(y, ℓ))1/α−1/p−1/q
(∫
Q(y,ℓ)
∣∣b(x) − bQ(y,ℓ)∣∣pu(x) dx
)1/p
×
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
|f(z)| dz
≤ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
|f(z)| dz,
where in the last inequality we have used the fact that Lemma 4.1(ii) still holds
with ball B replaced by cube Q, when u is an A∞ weight. Repeating the
arguments in the proof of Theorem 5.2, we can also show that
K ′3(y, ℓ) ≤ C
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv · u(Q(y, ℓ))
1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
.
As for the term K ′4(y, ℓ), using the same methods and steps as we deal with
J2(y, r) in Theorem 2.3, we can show the following pointwise estimate as well.
η(x) =
∣∣∣Tθ([bQ(y,ℓ) − b]f2)(x)∣∣∣
≤ C
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
∣∣b(z)− bQ(y,ℓ)∣∣ · |f(z)| dz.
This, together with Chebyshev’s inequality yields
K ′4(y, ℓ) ≤ 4 · u(Q(y, ℓ))
1/α−1/p−1/q
(∫
Q(y,ℓ)
∣∣η(x)∣∣pu(x) dx
)1/p
≤ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
∣∣b(z)− bQ(y,ℓ)∣∣ · |f(z)| dz
≤ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
∣∣b(z)− bQ(y,2j+1ℓ)∣∣ · |f(z)| dz
+ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
∣∣bQ(y,2j+1ℓ) − bQ(y,ℓ)∣∣ · |f(z)| dz
:= K ′5(y, ℓ) +K
′
6(y, ℓ).
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An application of Ho¨lder’s inequality leads to that
K ′5(y, ℓ) ≤ C · u(Q(y, ℓ))
1/α−1/q
∞∑
j=1
1
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
|f(z)|pv(z) dz
)1/p
×
(∫
Q(y,2j+1ℓ)
∣∣b(z)− bQ(y,2j+1ℓ)∣∣p′v(z)−p′/p dz
)1/p′
≤ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
|Q(y, 2j+1ℓ)|
×
∣∣Q(y, 2j+1ℓ)∣∣1/p′∥∥∥(b− bQ(y,2j+1ℓ)) · v−1/p∥∥∥
C,Q(y,2j+1ℓ)
,
where C(t) = tp
′
is a Young function. For 1 < p < ∞, we know the inverse
function of C(t) is C−1(t) = t1/p
′
. Observe that
C−1(t) = t1/p
′
=
t1/p
′
1 + log+ t
×
(
1 + log+ t
)
= A−1(t) · B−1(t),
where
A(t) ≈ tp
′
(1 + log+ t)p
′
, and B(t) ≈ exp(t)− 1.
Thus, by Lemma 5.1 and the estimate (4.8)(consider cube Q instead of ball B
when w ≡ 1), we have∥∥∥(b− bQ(y,2j+1ℓ)) · v−1/p∥∥∥
C,Q(y,2j+1ℓ)
≤ C
∥∥∥b− bQ(y,2j+1ℓ)∥∥∥
B,Q(y,2j+1ℓ)
·
∥∥∥v−1/p∥∥∥
A,Q(y,2j+1ℓ)
≤ C‖b‖∗ ·
∥∥∥v−1/p∥∥∥
A,Q(y,2j+1ℓ)
.
Moreover, in view of (5.10), we can deduce that
K ′5(y, ℓ) ≤ C‖b‖∗ · u(Q(y, ℓ))
1/α−1/q
∞∑
j=1
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
|Q(y, 2j+1ℓ)|1/p
·
∥∥∥v−1/p∥∥∥
A,Q(y,2j+1ℓ)
= C‖b‖∗
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv · u(Q(y, ℓ))
1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
×
u(Q(y, 2j+1ℓ))1/p
|Q(y, 2j+1ℓ)|1/p
·
∥∥∥v−1/p∥∥∥
A,Q(y,2j+1ℓ)
≤ C‖b‖∗
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv · u(Q(y, ℓ))
1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
×
|Q(y, 2j+1ℓ)|1/(r
′p)
|Q(y, 2j+1ℓ)|1/p
(∫
Q(y,2j+1ℓ)
u(z)r dz
)1/(rp)
·
∥∥∥v−1/p∥∥∥
A,Q(y,2j+1ℓ)
29
≤ C‖b‖∗
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv · u(Q(y, ℓ))
1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
.
The last inequality is obtained by the Ap-type condition (5.14) on (u, v). It re-
mains to estimate the last term K ′6(y, ℓ). Applying Lemma 4.1(i)(use Q instead
of B) and Ho¨lder’s inequality, we get
K ′6(y, ℓ) ≤ C · u(Q(y, ℓ))
1/α−1/q
∞∑
j=1
(j + 1)‖b‖∗
|Q(y, 2j+1ℓ)|
∫
Q(y,2j+1ℓ)
|f(z)| dz
≤ C · u(Q(y, ℓ))1/α−1/q
∞∑
j=1
(j + 1)‖b‖∗
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
|f(z)|pv(z) dz
)1/p
×
(∫
Q(y,2j+1ℓ)
v(z)−p
′/p dz
)1/p′
= C‖b‖∗
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
×
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
·
u(Q(y, 2j+1ℓ))1/p
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
v(z)−p
′/p dz
)1/p′
.
Let C(t), A(t) be the same as before. Obviously, C(t) ≤ A(t) for all t > 0, then
for any cube Q ⊂ Rn, we have
∥∥f∥∥
C,Q
≤
∥∥f∥∥
A,Q
by definition, which implies
that condition (5.14) is stronger that condition (5.3). This fact together with
(5.10) yields
K ′6(y, ℓ) ≤ C‖b‖∗
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
×
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
×
|Q(y, 2j+1ℓ)|1/(r
′p)
|Q(y, 2j+1ℓ)|
(∫
Q(y,2j+1ℓ)
u(z)r dz
)1/(rp)(∫
Q(y,2j+1ℓ)
v(z)−p
′/p dz
)1/p′
≤ C‖b‖∗
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
×
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
.
Summing up all the above estimates, we get
K ′2(y, ℓ) ≤ C
∞∑
j=1
u(Q(y, 2j+1ℓ))1/α−1/p−1/q
∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
×
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
.
(5.17)
30
Moreover, by our additional hypothesis on u : u ∈ A∞ and inequality (2.2) with
exponent δ∗ > 0(use Q instead of B), we find that
∞∑
j=1
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
≤ C
∞∑
j=1
(j + 1) ·
(
|Q(y, ℓ)|
|Q(y, 2j+1ℓ)|
)δ∗(1/α−1/q)
= C
∞∑
j=1
(j + 1) ·
(
1
2(j+1)n
)δ∗(1/α−1/q)
≤ C. (5.18)
Notice that the exponent δ∗(1/α−1/q) is positive because α < q, which guaran-
tees that the last series is convergent. Thus by taking the Lqµ-norm of both sides
of (5.15)(with respect to the variable y), and then using Minkowski’s inequality,
(5.16), (5.17) and (5.18), we finally obtain∥∥∥u(Q(y, ℓ))1/α−1/p−1/q∥∥[b, Tθ](f) · χQ(y,ℓ)∥∥WLpu
∥∥∥
Lqµ
≤
∥∥K ′1(y, ℓ)∥∥Lqµ + ∥∥K ′2(y, ℓ)∥∥Lqµ
≤ C
∥∥∥u(Q(y, 2ℓ))1/α−1/p−1/q∥∥f · χQ(y,2ℓ)∥∥Lpv
∥∥∥
Lqµ
+ C
∞∑
j=1
∥∥∥u(Q(y, 2j+1ℓ))1/α−1/p−1/q∥∥f · χQ(y,2j+1ℓ)∥∥Lpv
∥∥∥
Lqµ
×
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
+ C
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
×
∞∑
j=1
(
j + 1
)
·
u(Q(y, ℓ))1/α−1/q
u(Q(y, 2j+1ℓ))1/α−1/q
≤ C
∥∥f∥∥
(Lp,Lq)α(v,u;µ)
.
We therefore conclude the proof of Theorem 5.4 by taking the supremum over
all ℓ > 0.
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